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Announcements

Paper discussion is on Wednesday 

HW3 and PA3 are  due on April 6. 



Last Class
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While the motion is restricted to evolve in the horizontal plane, the isobars are still 
coupled: 

 

 

∂ζ
∂t

= − ∇h ⋅ (vζa − ωwk ×
∂v
∂p )

∂δw

∂t
= − ∇h ⋅ (vδw + ωw

∂v
∂p ) − Σ



Lagrangian view on WTG balance
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While the motion is restricted to evolve in the horizontal plane, the isobars are still 
coupled: 

 

 

 

The three dimensional structure then tells you how  

DPV
Dt

= ∇ ⋅ ηaQ1

Dδw

Dt
= − Σ + ∇ ⋅

∂u
∂p

Q1

Sp

DDSE
Dt

= Q1



How to reconcile?
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DSE2

DSE1

DSE4

DSE3

Parcel

Parcels move vertically 
until they reach a layer 
that matches the 
Lagrangian PV, div and 
DSE. 



Sticky Convection under WTG balance

Bretherton, Peters, and Back (2004)

−𝒪∇2
h⟨q⟩ = LvP + ⟨Qr⟩

In L10 we found that: 

LvP =
SpLv

μ*c m4Δp
ln (

Tfl

Tlnb )∇2
h⟨q⟩ − ⟨Qr⟩

Under WTG we chan show that moisture acts 
as a velocity potential, we have

𝒪∇2
h⟨q⟩ = ∇2

h⟨Xw⟩Sp



Buoyancy/Moisture as a velocity potential 

⟨Xw⟩ =
𝒪
Sp

⟨q⟩
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In mesoscale regions of precipitation, we can 
interpret buoyancy/moisture as a velocity 
potential that satisfies
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Boundary layer quasi-equilibrium 
Lagrangian perspective on WTG 
balance 

 

Which we can write as 

 

where  is the downdraft strength 
and  is the saturation 
deficit

ωu =
g (LvE + SHF)

Lvϵpq+
L

∇2
hXw =

g (LvE + SHF)
Lv𝗌dq+

L

𝗌d
q+

L = q*L − qL

De Szoeke (2018)



What now?
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WTG Balance ✔

WTG Balance ❌

WTG Balance ❌

WTG balance is only valid in the free troposphere only. Why? (wheel of fortune)

Tropopause

Boundary Layer

Free Troposphere



What now?
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Tropopause

Boundary Layer

Free Troposphere WTG Balance ✔

?

BLQE ✔

The free troposphere 
communicates WTG 
balance to the BL via BLQE
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Moist thermodynamics under WTG balance
The previous slides reveal that regardless of view, the strict WTG circulation is related 
to moisture and temperature. Let’s examine the MSE budget 

     

Which we can column integrate to obtain the following: 

      

Side note: Did you know that Larissa Back was the first to use the MSE budget in 
large-scale dynamics. I found out last week.

∂
∂t (CpT + Lvq) ≃ − ∇ ⋅ uMSE + Qr −

∂FMSE

∂p

∂
∂t (Cp⟨T⟩ + Lv⟨q⟩) = − ∇h ⋅ ⟨vMSE⟩ + ⟨Qr⟩ + LvE + SHF



12

Nondimensional MSE budget

In non dimensional form we can examine what terms dominate the MSE budget.  

    

                                    

There are no dominant terms in the budget, but what dominates the MSE tendency itself 
is represented by a non dimensional  scale.  

α̂
∂ ̂MSE

∂ ̂t
= − α̂

Ro
Roτ

v̂ ⋅ ∇̂ ̂MSE − ω̂
∂ ̂MSE

∂ ̂p
+ Q̂r − α̂

∂ ̂Fm

∂ ̂p

̂MSE ∼ Nmode
̂DSE + ̂q Nmode ≡

Nw

α̂(1 − α̂)
α̂ = −

∂pLvq
∂pDSE

∼ RH

Nmode
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Nondimensional MSE budget

In humid regions of the tropics , so that we can be in WTG balance and 
temperature (DSE) is non-negligible. It’s still important to the thermodynamics.  

Moisture becomes dominant when .

1 − α̂ ∼ 0.1

Nw ∼ 0.01

Nmode ≡
Nw

α̂(1 − α̂)
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Adames and Maloney  
(2021)
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Moist thermodynamics are 
determined by: 

 Nmode =
DSE′ 

Lvq′ 

∼ 10
τ2

g

τ2

Under WTG balance: Tropical weather systems are diverse  

Nmode ≫ 1 Nmode ≪ 1
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Moisture Modes

The systems on the left of the diagram are familiar, but the ones on the right are not. 

In the motions systems on the right  water vapor plays governs their thermodynamics and they are 
often referred to as moisture modes. 

Nmode ≫ 1
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How do moisture modes arise?

Nmode ≫ 1

Convectively-coupled gravity waves
τWTG ≫ τD

Moisture modes
τWTG ≪ τD

Slow 
Moistening

Propagation Propagation
Gravity waves adjust to WTG more 

quickly than convection dries it

Convection dries troposphere more quickly 
than gravity waves adjust to WTG

Slow 
Drying

(a) (b) 

Humidity
CIN

Humidity
CIN

gravity 

waves

gravity waves

gravity waves

Nmode ≫ 1 Nmode ≪ 1

Consider the adjustment to WTG balance


