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Announcements

HW3 and PA3 are up, they’re due in two weeks. 


Paper discussion next Monday.
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Remember?
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ω
∂DSE

∂p
= Q1

Post spring break recap 

Given that there’s an adjustment process associated with gravity waves, we must 
assume systems that are in WTG balance must evolve slowly. 


But how slowly? We must invoke scale analysis to find out!
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WTG adjustment timescale

In the case of fixed heating, WTG is attained 
when the gravity waves exit the region of interest. 


This is known as the gravity wave adjustment 
timescale





domain size


gravity wave phase speed
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L
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Conditions for WTG balance 

From examination of the non-dimensional thermodynamic equation we see that 
 for WTG balance to be valid:





Condition 1: The system must evolve much more slowly than free gravity waves. 


Condition 2: The meridional scale of the system must be smaller than the Rossby radius 
of deformation.


What do these mean physically? 

Nw ≪ 1

Nw = max (
c2

p

c2
,

L2
y

L2
d ) ≪ 1



Conditions for WTG balance 

We can use the definition of gravity wave adjustment timescale 





Condition 1: The system must evolve much more slowly than free gravity waves. 


Condition 2: The meridional scale of the system must be smaller than the Rossby radius 
of deformation.


What do these mean physically? 

Nw = τ2
g max (τ−2, f2) ≪ 1



Systems in WTG balance 

In PA3, you will see that in systems that obey WTG balance:





So that the terms in parenthesis in Nw are similar, so either can be used to understand 
the motions:





There is one exception which will be discussed in future lectures

Roτ =
1
fτ

∼ 1

Nw = τ2
gτ−2 ≪ 1
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Basic equations
In order to understand when and why WTG is valid, we must scale the entire set of basic 
equations:














∂v
∂t

+ (v ⋅ ∇h)v + ω
∂v
∂p

= − f k × v − ∇hΦ

∂Φ
∂p

= −
RdT
p

∂ω
∂p

= − ∇h ⋅ v

∂CpT
∂t

+ v ⋅ ∇hCpT + ω
∂DSE

∂p
= Q1

∂Lvq
∂t

+ v ⋅ ∇hLvq + ω
∂Lvq
∂p

= − Q2

Horizontal Momentum

Thermodynamic

Mass Continuity

Hydrostatic 

Moisture
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u = uw + u′￼

The WTG circulation

Let us decompose the wind field into a strict WTG component and a deviation 
from strict WTG balance. 

uw ⋅ ∇DSE ≡ Q1

u = ui + vj + ωk

This wind is not associated with any temperature anomalies. Thus it must be 
purely irrotational:

∂ωw

∂p
= − δw = − ∇2

h χw . vw = ∇h χw

 is the WTG velocity potential χw

Strict WTG Deviation



11

Velocity potential 
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The integrated velocity potential

Let us define the integrated velocity potential:

Xw(x, y, p, t) ≡ ∫
p

0
χw(x, y, p′￼, t)dp′￼.

A definition that we can use to redefine the WTG circulation as:

( ∂DSE
∂x

∂2

∂x∂p
+

∂DSE
∂y

∂2

∂y∂p
− Sp ∇2

h) Xw = − Q1

Sp ∇2
hXw = Q1

If the horizontal DSE gradient is weak we obtain the following

Sp = −
∂DSE

∂p
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The strict WTG circulation

Why bother to define WTG balance this 
way? 

Sp ∇2
hXw = Q1

Because all components of the WTG 
wind field can be understood in terms 
of the WTG circulation.

Xw

uw

ww



Ertel Potential Vorticity

PV ≃ gζSp

The deviation from WTG balance can 
then be defined using potential vorticity 

∂PV
∂t

≃ gSp
∂ζ
∂t

However, WTG balance implies that the 
evolution of PV is determined by the 
evolution of vorticity. 



Why are deviations from strict WTG 
balance non-divergent?

v′￼ ≃ k × ∇hψ′￼

L

Tropics

Nonlinear balance


Gradient wind, 

Cyclostrophic


Semi-geostrophic

PGF

Coriolis Centrifugal

T’

WTG deviation

Balanced non-divergent circulations require 
pressure gradients to exist.


If the circulation is associated with heating, 
then  a temperature anomaly must also exist: 
a deviation from strict WTG balance. 



WTG PV equation 

∂ζ
∂t

= − ∇h ⋅ (vζa − ωwk ×
∂v
∂p )

The WTG vorticity equation is:

Note that the term on the rhs can be interpreted as a horizontal flux 

∂ζ
∂t

= − ∇h ⋅ Zh

Horizontal absolute 
 vorticity flux “Tilting-like effect”

Note that the term on the rhs can be interpreted as a horizontal flux 



WTG PV equation 

Consequence:


WTG balance does NOT  allow  to be fluxed vertically.ζ

∂ζ
∂t

= − ∇h ⋅ (vζa − ωwk ×
∂v
∂p )

s1

s2

s1

s2

You can only accrete vorticity within single pressure level

ζ ζ



Convection under WTG balance

Bretherton, Peters, and Back (2004)

−𝒪∇2
h⟨q⟩ = LvP + ⟨Qr⟩

In L10 we found that: 

LvP =
SpLv

μ*c m4Δp
ln (

Tfl

Tlnb )∇2
h⟨q⟩ − ⟨Qr⟩

Under WTG we chan show that moisture acts 
as a velocity potential, we have

𝒪∇2
h⟨q⟩ = ∇2

h⟨Xw⟩Sp



Buoyancy/Moisture as a velocity potential 

⟨Xw⟩ =
𝒪
Sp

⟨q⟩
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In mesoscale regions iof precipitation, we can 
interpret buoyancy/moisture as a velocity 
potential that satisfies



So what happens when moisture becomes important …


